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140. 


RESEARCHES ON THE PARTITION OF NUMBERS. 


[From the Philosophical Transactions of the Royal Society of London, vol. cxtv for the 
year 1855, pp. 127—140. + Received April 14,—Read May 24, 1855.] 


I PROPOSE to discuss the following problem: “To find in how many ways a 
number g can be made up of the elements a, b, c,... each element being repeatable 
an indefinite number of times.” The required number of partitions is represented by 
the notation i 

P (010, -6 504) 9; 


and we have, as is well known, 


i 


P (a, b, ¢, ...)q = coefficient #? in CEET E 


where the expansion is to be effected in ascending powers of æ. 


It may be as well to remark that each element is to be considered as a separate 
and distinct element, notwithstanding any equalities which may exist between the 
numbers a, b,c,...; thus, although a=), yet a+a+a+&c. and a+a+b+&c, are to 
be considered as two different partitions of the number q, and so in all similar cases. 


The solution of the problem is thus seen to depend upon the theory, to which I 
now proceed, of the expansion of algebraical fractions. 


Consider an algebraical fraction j 


where the denominator is the product of any number of factors (the same or different) 
of the form 1—2". Suppose in general that [1—#™] denotes the irreducible factor of 
1—#™, i.e. the factor which, equated to zero, gives the prime roots of the equation 
l1—a=0. We have 

l-a” =T[1 - 2”), 

30—2 
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where m’ denotes any divisor whatever of m (unity and the number m itself not 
excluded). Hence, if a represent a divisor of one or more of the indices m, and k 
be the number of the indices of which a is a divisor, we have 


fa MES oF. 


Now considering apart from the others one of the multiple factors [1 — s1}, we 
may write fe =[1—«x*]*fz. 


Suppose that the fraction Fa is decomposed into simpler fractions, in the form 


$e _ 
fer I (x) 
A, —1 
+ (WB) aoi aay t (ee) a toi: na 
+ &ce., 


where I(x) denotes the integral part, and the &c. refers to the fractional terms 
depending upon the other multiple factors such as [1—a*]*, The functions 6x are 
to be considered as functions with indeterminate coefficients, the degree of each such 
function being inferior by unity to that of the corresponding denominator; and it is 
proper to remark that the number of the indeterminate coefficients in all the functions 
` Ox together is equal to the degree of the denominator fa. 


The term (a0,)*> may be reduced to the form 


Ox 
[1 —2*] 
gx 


Qe 
fi—aP tape t & 


the functions ga being of the same degree as 6x, and the coefficients of these functions 
being linearly connected with those of the function 0s. The first of the foregoing 
terms is the only term on the right-hand side which contains the denominator [1 — x*}*; 
hence, multiplying by this denominator and then writing [1 — °] = 0, we find 


pa ? = gu, 
1% 


which is true when æ is any root whatever of the equation [l1—a*]=0. Now by 
means of the equation [1 — æ*] = 0, a may be expressed in the form of a rational and 
1 


integral function Ga, the degree of which is less by unity than that of [1 — a°]. We 
have therefore Gx=ga, an equation which is satisfied by each root of [1 —a*]=0, 
and which is therefore an identical equation; gæ is thus determined, and the coefficients 
of 0x being linear functions of those of gw, the function Os may be considered as 
determined, And this being so, the function 


0x 


— (20r ———_. aa] 


F 
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will be a fraction the denominator of which does not contain any power of [1 —.2*] 
higher than [1—a*}*"; and therefore 6,7 can be found in the same way as 6z, and 
similarly 6,2, and so on. And the fractional parts being determined, the integral part 


pau 


may be found by subtracting from — the sum of the fractional parts, so that the fraction 
Su 


= can by a direct process be decomposed in the above-mentioned form. 
Particular terms in the decomposition of certain fractions may be obtained with 
great facility. Thus m being a prime number, assume 


i | Be Ox: i 
d-ad—a)..a—a) 9° + aay) 


then observing that (1 — a”) =(1—.)[1—.™], we have for [1 —«™] = 0, 


1 


ig ~ (1—2)(1—#)...(1—a™)' 


Now u being any quantity whatever and œ being a root of [l—#™]=0, we have 
identically 
[1 —w™] = (u — w) (u — a) ... (u — a); 


and therefore putting w=1, we have m=(1—2#)(1—2*)... (1 =a"), and therefore 


bx 


whence 
ater OF Me te A i AE DE 
A-AA... (2 l m [1a] 


Again, m being as before a prime number, assume 


1 0x 
&e. + [1 —a™] > 


(l—a)(1—a)...(1—a@”) | 


we have in this case for [1 —a”]=0, 


Hat 1 
EET ET 
? spar ; Toxt 
which is immediately reduced to Oa =— a Now 


liis um) _[1-u"]- m — æ] =(1l+ut+... hu") +(1 +u...tu™)e...+(1 +u)ar + gm ; 
= U— & 


or putting u = 1, 


t= (m-1)+ (m— 2) æ ahs - a3 
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and substituting this in the value of 0”, we find 


: = be, +L Ma D+ (m= Da.. 40" 
(=a) a)... dam) E t [la] 


pa 


The preceding decomposition of the fraction ae gives very readily the expansion oł 


the fraction in ascending powers of x For, consider a fraction such as 


Ox 
ie aot val 


where the degree of the numerator is in general less by unity than that of the 
denominator; we have 
l — at = [1 — a4] II [1 — x”), 


where a’ denotes any divisor of æ (including unity, but not including the number a 


itself). The fraction may therefore be written under the form 


OxI [1 — x] 


1 — a 4 


where the degree of the numerator is in general less by unity than that of the 
_ denominator, i.e. is equal to a—1. Suppose that b is any divisor of a (including 
unity, but not including the number a itself), then 1 — «è is a divisor of II [1 — «”], and 
therefore of the numerator of the fraction. Hence representing this numerator by 


Aot Ae... F Aot, 
and putting a = bc, we have (corresponding to the case b= 1) 
A,+A,+A,...+ Ag =9, 
and generally for the divisor b, 
Ae A Ay | ag Age Us 
A, + Apa - +A (von = 9, 
Ar tAE A ae 3 
Suppose now that a, denotes a circulating element to the period a, i.e. write 
a =l, g=0 (mod. a), 
a, =0 in every other case; 


a function such as 
A (tq + AjQ9-1 eae + Aao 


will be a circulating function, or circulator to the period a, and may be represented 


by the notation 
(A,, Ai: Aa) eiretat d: 
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In the case however where the coefficients A satisfy, for each divisor b of the number 
a, the above-mentioned equations, the circulating function is what I call a prime 
circulator, and I represent it by the notation 


(Ay, Aye. Aga) per’ dy. 
By means of this notation we have at once 


0x 


i q j a ee pen 
coefficient #7 in Hana) 


(Ag, A» Aga) Pew My, 
and thence also 


coefficient «#2 in («0,)" Ta = @" (Ay, Ai... Agr) per ay. 


pu 


Hence assuming that in the fraction T the degree of the numerator is less than that 


of the denominator (so that there is not any integral part), we have 


coefiient at in 2” PAn Ary; Ager) Per Gy} 


fe 


or, if we wish to put in evidence the non-circulating part arising from the divisor a = 1, 


coefficient æ? in = = Aq? + Bf ... + Lg + M 


FEA A TAE per a 


where k denotes the number of the factors 1—&æ™ in the denominator fx, a is any 
divisor (unity excluded) of one or more of the indices m; and for each value of a 
r extends fom r=0 to r=k—1, where k denotes the number of indices m of which 
a is a divisor. The particular results previously obtained show, that m being a 
prime number, 


4 : 1 1 
coefficient a? in (1 —#)(1 —a)...(1—a™) = &e. + F I, oa l, 0, 0, ee J per Mg, 
and 
; ‘ l 1 
coefficient #7 in ey NET PEY &e. + 5 (mia 1,— 1, Sepe Mo. 


Suppose, as before, that the degree of ga is less than that of fw, and let the 
analytical expression above obtained for the coefficient of æ? in the expansion in 
ascending powers of æ of the fraction a be represented by Fq, it is very remarkable 

pe 


in descendin owers of æ, then the coefficient of «#% in this 
Ta g P 


new expansion (q is here of course negative, since the expansion contains only 
negative powers of æ) is precisely equal to — Fg; this is in fact at once seen to be 


that if we expand 
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ber 


the case with respect to each of the partial fractions into which fe has been de- 


composed, and it is consequently the case with respect to the fraction itself. This 
gives rise to a result of some importance. Suppose that ¢a and fw are respectively 


of the degrees N and D; it is clear from the form of fx that we have f (=) =(-Vafa; 


and I suppose that ¢z is also such that ¢ (=) =(+)’e “px; then writing D-N =h, 
pr 


and supposing that fe is expanded in descending powers of x, so that the coefficient 
of x2 in the expansion is — Fq, it is in the first place clear that the expansion will 
commence with the term æ, and we must therefore have 


Fq=0 
for all values of q from g=—1 to g=—(h—1). 


Consider next the coefficient of a term a*-9, where q is 0 or positive; the 
coefficient in question, the value of which is — F(—A-—gq), is obviously equal to the 


coefficient of 2+? in the expansion in ascending powers of œ of —~~—, Le. to 


(+)(—)’ coefficient a+? in aoe 
or what is the same thing, to 


(+)*(-)’ coefficient 2% in $e : 


ja 
and we have therefore, gq being zero or positive, 
Ph ye (ay Rg: 
In particular, when ¢x=1, fq =0 
for all values of q from g=—1 to g=—(D-—1); and q being 0 or positive, 
F- D-q)=(-)""F¢ 


The preceding investigations show the general form of the function P (a, b, ¢,...)q, 
viz. that 


P (a, b, ¢,...)q= A + By... + Lg + M +g (Ay, Ai,... Ava) per ly, 


a formula in which & denotes the number of the elements a, b, c,...&c., and J is 
any divisor (unity excluded) of one or more of these elements; the summation in the 
case of each such divisor extends from r=0 to r=k-—1, where k is the number of 
the elements a, b, c,...&c. of which / is a divisor; and the investigations indicate 


1 The property is a fundamental one in the general theory of developments. 
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how the values of the coefficients A of the prime circulators are to be obtained. It 


has been moreover in effect shown, that if D=a+b+c+..., then, writing for shortness 
P(q) instead of P (a, b, ¢,...)q, we have 
P(q)=0 


for all values of q from g=—1 to g=—(D-—1), and that q being 0 or positive, 

RE DDT P 
these last theorems are however uninterpretable in the theory of partitions, and they 
apply only to the analytical expression for P(q).- 


I have calculated the- following particular results :— 


1 
P(1, 2)q =i f+ 
+(1, — 1) per 2, | 


P(1, 2, 8)¢ = 75 {OP +36q 447 
+9(1, — 1) per 2, 
Feni LT) See 3, 


1 


F(t 2, 3, 4) q = 988 


|29'-+ 809+ 135 q + 175 
+(9q+45)(1, — 1) per 2, 
+ 32 (1, 0, —1) per 3, 


+36 (1, 0, —1, 0) per t) 


PE 2, 3, 4, 5)q= 56400 {30 g + 900 q? + 9300 q? + 38250 q + 50651 
+ (1350 qg +10125) (1, — 1) per 2, 
+ 3200 (2, —1, — 1) per 3, 
+ 5400 (1, 1, —1, = 1) per 4, 
+ 3456 (4, — 1, — 1, — 1, — 1) per 54) 


P(2)q =5{1 
+(, -1) per 24} 


P(2, 8) = ipi2at5 
+3 (1, -—1) per 2, 
+4(1, —1, 0) per 3,| 


OT a1 
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where the general term is- | 
qs (8+1) (1 —a*) (1 aa EA ira, 2 
(1-2) (1 — 2”) We (1 — 2°) ? 


and the series is a finite one, the last term being that corresponding to s=k, viz. 
atk) zk Writing —#™ for 2, and substituting the resulting value of 


(1 = E) qd A | ats) om (1 r: gokk) 
in the formula for P (0, 1, 2,... ky”q, we have 


gomths (8+1) 


PO, 4; 2... Be =z dCY coefficient æ2 in VA EPS a P N a T a T a TER E Ta j 


where the summation extends from s=0 to s=k; but if for any value of s between 
these limits sm+4s(s+1) becomes greater than g, then it is clear that the summation 
need only be extended from s=0 to the last preceding value of s, or what is the 
same thing, from s=0 to the greatest value of s for which g—sm-—}s(s+1) is 
positive or zero. 


It is obvious, that if g>km, then 
PO, 1,-2,i.kg=0; 
and moreover, that if 0 P km, then 
PO 1, 2,...4)*@=P(0, 1, 2,...k)" km — 0, 


so that we may always suppose g}4km. I write therefore g=}$(km-—a) where 4 is 
zero or a positive integer not greater than km, and is even or odd according as kn 
is even or odd. Substituting this value of q and making a slight change in the 
form of the result, we have 


PO, 1, 2... kō” §(km — a) = 


ha+hs (8+1) 
5 a 
as o coeff. «81m in i 


(i — a) (1 ~a*)... (1 —a*) (1 — 2) (1 — 2?) aa 


where the summation extends from s=0 to the greatest value of s for which 
(4k —s)m—}a—48(s+1) is positive or zero, But we may, if we please, consider the 
summation as extending, when k is even, from s=0 to s=4k—1, and when k is odd, 
from s=0 to s=4(k—1); the terms corresponding to values of s greater than the 
greatest value for which (44 —s)m—4a—4s(s+1) is positive or zero being of cours 
equal to zero. It may be noticed, that the fraction will be a proper one j 
a<(k—s)(k—s+1); or substituting for s its greatest value, the fraction will be 3 
proper one for all values of s, if, when k is even, a<4k(k+2), and when k is odd, 
a< ł(k+1)(k +3). 


We have in a similar manner, 


l-z 


P’ 0, 1, 2..k)"¢q= j m j eet ree a EE E A 
( )” q = coefficient #22” in TET EITRI) L 
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which leads to 
P' (0, 1, 2... kY” 4 (km —a) = 


giats (8+1) 


2: fo coeff, 2 4*-8)™ in (—-#)...d—-#)(1—a)(1— æ) Ty (1 prin =| ? 


where the summation extends, as in the former case, from s=0 to the greatest value 
of s, for which (k—s)m—4a—}s(s+1) is positive or zero, or, if we please, when k is 
even, from s=0 to s=4k—1, and when s is odd, from s=0 to s=}$(k—1). The 
condition, in order that the fraction may be a proper one for all values of s, is 
when & is even, a+1<4k(k+2), and when k is odd, a+1<4(4+1)(K+83). 


2 


To transform the preceding expressions, I write when & is odd æ? instead of 4g, 
and I put for shortness @ instead of 44—s8 or 2(4k—s), and y instead of a+ 4s(s+1) 
or a+s(s+1); we have to consider an expression of the form 


coefficient 2°” in bi : 

Fa 

where Fa is the product of factors of the form 1—2*. Suppose that a’ is the least 
common multiple of a and 0, then (1—a”)+(1—2*%) is an integral function of a, 
equal yx suppose, and 1+(1—a*)=yea+(1- a”). Making this change in all the 
factors of Fæ which require it (ie. in all the factors except those in which a is a 
multiple of @), the general term becomes 


atHa 
Ga’ 


where Ge is a product of factors of the form 1— æ”, in which aq’ is a multiple of 0, 
ie. Ge is a rational and integral function of °. But in the numerator «Hx we may 
reject, as not contributing to the formation of the coefficient of x”, all the terms in 
which the indices are not multiples of @; the numerator is thus reduced to a rational 
and integral function of x, and the general term is therefore of the form 

r(x") 


coefficient 2°” in r(A 


coefficient «®” in 


| or what is the same thing, of the form 


coefficient 2” in ARY 

KE 
where xæ is the product of factors of the form 1-— 4#, and às is a rational and integral 
function of æ. The particular value of the fraction depends on the value of s; and 

uniting the different terms, we have an expression 
coefficient «” in S (—) —, 
Ka 

which is equivalent to 


px 


coefficient 2” in =- 


fa’ 
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where fæ is a product of factors of the form 1—«#*, and gx is a rational and integral 
function of æ. And it is clear that the fraction will be a proper one when each 
of the fractions in the original expression is a proper fraction, ie. in the case of 
P(0, 1, 2...4)™4(km—a), when for k even, a<}k(k+2), and for k odd, a< ł(k+1)(k+3); 
and in the case of P’(0, 1, 2... ky” §(km—a), when for k even, a+1<4k(k+2), and 
for k odd, a+1<4(k+1)(k+3). 


We see, therefore, that 
P(0, 1, 2...k)"4(km — a), 
and 
P’(0, 1, 2..:k)™4(km — a), 


are each of them of the form 


pu 


coefficient 2” in fa 


where fx is the product of factors of the form 1—.*, and up to certain limiting values 


pu 


of a the fraction is a proper fraction. When the fraction i is known, we may there- 


fore obtain by the method employed in the former part of this Memoir, analytical 
expressions (involving prime circulators) for the functions P and P’. 


As an example, take 
P(0, 1, 2, 3)" ĝm, 


which is equal to 
1 


coefficient #*” in (I — 2) (1 = #) (1 aà) 


3 ; 1 
— coefficient 2” in Al AAA 


The multiplier for the first fraction is 
(1 — 2°) (1 — x?) 
(1 — 2*)(1— at)’ 
which is equal to 
1 + a + 2Qat + a8 + 208 + 2 + a. 


Hence, rejecting in the numerator the terms the indices of which are not divisible 
by 3, the first term becomes 


: - 1 + a + a 
coefficient er in (I — #) (1 — @) (1 a) i 
or what is the same thing, the first term is 


I a 2 


i m i 4 
coefficient a” in ied a 
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and, the second term being 


— coefficient #” in d— ad —a)’ 
$ | : Ita ; 
we have P (0, 1, 2, 3)” ĝm = coefficient #” in CETE 


and similarly it may be shown, that 


: ons a+ x 
P(0, 1, 2, 3)"4(3m — 1) = coefficient 2” in (aaa): 


As another example, take 
P’(0, 1, 2, 3, 4, 5) 8m, 
which is equal to | 
coefficient 2°” in OE APEE. A a E 
(1 — a) (1 — a) (1 — 2) (1 — 2”) 


. ° a? 
— coefficient 4™ in -A AAAA 


bhaa i at 
+> coefficient a AD d—-a@) 0 —#) 1 —a) 0 —a*) ° 


The multiplier for the first fraction is 


(1 — a”) (1 — x) (1 — 2) 
(1 — a) (1 — 2) (1 — a)’ 


which is a function of æ? of the order 36, the coefficients of which are 
1, @, i, 1,2, 1,3, 2; 4, 3, 4,4, 6,4 6, 5, 7, TEN A 5,6, 4, 6,4 4, 3, 4, 2,3, 1, 2,1, 1,0 1, 
and the first part becomes therefore 


coefficient æ” i 1 + 2? + 4at + 5a + Ta + 4a” + 8a" 
m=) =a) = #) 


The multiplier for the second fraction is 


(1 — #*)(1 — @)(1 a) 
(1 — a) (1 — at) (1 — a)’ 


which is a function of æ? of the order 14, the coefficients of which are 
Li Aa. TO, 2; Gyply B) eye ky ee Ls 


and the second term becomes 


a ee gy Pt 2a? + Qat + 3a + a8 + a 
coefficient a” 1 dea a)? 
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and the third term is 
x 


, E 
coefficient 2” in TEET oa) Ai waa’ 


Now the fractions may be reduced to a common denominator 


(1 — æ) (1 — x) (1 — 2) (1 — @*) 


1 — x 
TE 


(=1+2 +2), and the terms 


by multiplying the terms of the second fraction by 


of the third fraction by 2c 1+ 2*); performing the operations and adding, the 
numerator and denominator of the resulting fraction will each of them contain the 
factor 1—a?; and casting this out, we find 
: : 1 — a + 2 
m aed m = 
P(0, 1, 2, 3, 4, 5)” $m = coefficient 2” in ieee 


I have calculated by this method several other particular cases, which are given 
in my “Second Memoir upon Quantics”, [141], the present researches were in fact 
made for the sake of their application to that theory. 


Received April 20,—Read May 3 and 10, 1855. 


Since the preceding portions of the present Memoir were written, Mr Sylvester 
has communicated to me a remarkable theorem which has led me to the following 
additional investigations’. 


Let g be a rational fraction, and let (æ— m)! be a factor of the denominator /z, 


fa 
Ute 


denote the portion which is made up of the simple fractions having powers of a -— æ 
for their denominators, we have by a known theorem 
1 p(x, + 2) 


$s) _ Pe PCO Sa 
j ‘ee 7 in eats fin ae 


then if 


Now by a theorem of Jacobi’s and Cauchy's, 
coefficient : in Fz = coefficient ; in F(t) vt; 


whence, writing m, + z= ae, we have 


px) ; 1. a, o(H%e*) 
{ Tit = coefficient z in aTi ri i 


1 Mr Sylvester’s researches are published in the Quarterly Mathematical Journal, July 1855, [vol. 1. pp- 
141—152], and he has there given the general formula as well for the circulating as the non-circulating part 
of the expression for the number of partitions.—Added 23rd February, 1856.—A. C. 
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Now putting for a moment «= me’, we have 
1 1 1 1 
mef. m(l =e) ml-e) +ô x, (1 2At 
and ə = xz, whence 
1 1 t 1 f F. 
Ree aa at Oe ae 


the general term of which is 


ta eT 1 
II (s — 1) (2z) L,— 2 
Hence representing the general term of 


ap (ae) 
J (ae) 


xx, = coefficient A nr “gee, 


by yat, so that 


t 


we find, writing down only the general term, 


pa ceed eh 8—1 eet 


where the value of ya, depends upon that of s,and where s extends from s=1 to s= k. 


Suppose now that the denominator is made up of factors (the same or different) 
of the form 1—a™. And let æ be any divisor of one or more of the indices m, 
and let & be the number of the indices of which a is a divisor. The denominator 
contains the divisor [1 — 4°}, and consequently if p be any root of the equation 
[1—a*]=0, the denominator contains the factor (pọ — æ}. Hence writing p for æ, and 
taking the sum with respect to all the roots of the equation [1 —a*]=0, we find 


sy = 1 s—1 XP 
a Bilt II (s—1) (20x) Lge AEAEE, 


1 Pr 2 
‘Tepe oa 
-t 
where xp = coefficient ; i oS ae at 


and as before s extends from s=1 to s=k. We have thus the actual value of the 
function 0% made use of in the memoir. 


A preceding formula gives 


pa l T S Da 
et = = coefficient = = PA f(e 
pu 


which is a very simple expression for the non-circulating part of the fraction he 


This is, in fact, Mr Sylvester’s theorem above referred to. 
©... Ti. 32 
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and the third term is 
coefficient 2” in ELS: 
Now the fractions may be-reduced to a common denominator 
(1 — æ) (1 — 2) (1 — 2) (1 — a$) 


l1— z’ 
l-z 


by multiplying the terms of the second fraction by (=1+æ +a), and the terms 


of the third fraction by 26 l+); performing the operations and adding, the 
numerator and denominator of the resulting fraction will each of them contain the 


factor 1—a?; and casting this out, we find 


l : l= +a 
5\m7 s= m PEST AEE ETENEE D aa 
P (0, 1, 2, 3, 4, 5)” 3m = coeficient. 2” in EREE e Sy 


I have calculated by this method several other particular cases, which are given 
in my “Second Memoir upon Quantics”, [141], the present researches were in fact 
made for the sake of their application to that theory. 

Received April 20,—Read May 3 and 10, 1855. 


Since the preceding portions of the present Memoir were written, Mr Sylvester 
has communicated to me a remarkable theorem which has led me to the following 
additional investigations’. 


Let pit be a rational fraction, and let (æ —m,) be a factor of the denominator fe, 


fa 
(s 


denote the portion which is made up of the simple fractions having powers of s-t 
for their denominators, we have by a known theorem 


fs xi t dee E soa, 
| fo f n coefficient z ooa gee Fig, £2) a" 


Now by a theorem of Jacobi’s and Cauchy’s, 


then if 


coefficient > in Fz = coefficient ; in F(pt) yt; 


whence, writing #,+2= «ae, we have 


pr) _ K ; Da a, (ae) 
| fr] = coefficient ; in e fina 


1 Mr Sylvester’s researches are published in the Quarterly Mathematical Journal, July 1855, [vol. | m 
141—152], and he has there given the general formula as well for the circulating as the non-circulating pe 
of the expression for the number of partitions.—Added 23rd February, 1856.—A. C. 
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Now putting for a moment æ = a,e°, we have 


g l 1 
a— xe m (1 ~ a, (1 ~ et) 2, (1 — é) 
and a= xz, whence 


+0. —- =. [a+ 


ee i Zz, 5 2 
Pa ele Cane Ee L— g 


the general term of which is 


t KIA 
II (s — 1) (Oz) @, — 


me 
Hence representing the general term of 
ap b (me *) 
f) 
by yat, so that 
ea a a aD n) 
xa, = coefficient zm pra eia , 


we find, writing down only the general term, 


ge è 
Jl = =+ per AT 
where the value of ya, depends upon that of s, and where s extends from s=1 to s= k. 


Suppose now that the denominator is made up of factors (the same or different) 
of the form 1—a#™. And let a be any divisor of one or more of the indices m, 
and let & be the number of the indices of which a is a divisor. The denominator — 
contains the divisor [1 — a“, and consequently if p be any root of the equation 
[1 —a*]=0, the denominator contains the factor (p — æ}. Hence writing p for æ, and 
taking the sum with respect to all the roots of the wis [1 — «*]=0, we find 


ad F ag 
kopi SGA ye II (s — 1) T 
1 i 
tre=y r at 
where xp = coefficient 3 in i ette ai 


and as before s extends from s=1 to s=k. We have thus the actual value of the 
function æ made use of in the memoir. 


A preceding formula gives 


et = = coefficient = l in all a ae’ ak 
pu 


which is a very simple expression for the non-circulating part of tke fraction EA 


This is, in fact, Mr Sylvester’s theorem above referred to. 
©. IL. 32 
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